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We present an implementation of the time-dependent configuration-interaction singles (TDCIS) method for
treating atomic strong-field processes. In order to absorb the photoelectron wave packet when it reaches the end
of the spatial grid, we add to the exact nonrelativistic many-electron Hamiltonian a radial complex absorbing
potential (CAP). We determine the orbitals for the TDCIS calculation by diagonalizing the sum of the Fock
operator and the CAP using a flexible pseudospectral grid for the radial degree of freedom and spherical harmonics
for the angular degrees of freedom. The CAP is chosen such that the occupied orbitals in the Hartree-Fock ground
state remain unaffected. Within TDCIS, the many-electron wave packet is expanded in terms of the Hartree-Fock
ground state and its single excitations. The virtual orbitals satisfy nonstandard orthogonality relations, which must
be taken into consideration in the calculation of the dipole and Coulomb matrix elements required for the TDCIS
equations of motion. We employ a stable propagation scheme derived by second-order finite differencing of the
TDCIS equations of motion in the interaction picture and subsequent transformation to the Schrödinger picture.
Using the TDCIS wave packet, we calculate the expectation value of the dipole acceleration and the reduced
density matrix of the residual ion. The technique implemented will allow one to study electronic channel-coupling
effects in strong-field processes.
DOI: 10.1103/PhysRevA.82.023406

PACS number(s): 32.80.Rm, 31.15.A−, 02.70.−c

I. INTRODUCTION

With the invention of the technique of chirped pulse amplification (CPA), modern high-power laser systems can now
easily produce high repetition-rate femtosecond laser pulses,
leading to peak optical intensities greater than 1014 W/cm2 or
as high as 1020 W/cm2 in the focal region. The availability of
such intense radiation has opened up new and important venues
of research in atomic, molecular, and optical (AMO) physics.
High photon-flux radiation can drive atomic and molecular
systems into nonlinear regimes and initiate nonperturbative
single-atom and single-molecule intense-field phenomena,
including multiphoton ionization [1–17], above-threshold
ionization (ATI) [18–27], high-harmonic generation (HHG)
[28–42], and nonsequential multielectron ionization [43–52].
Understanding these field-induced phenomena has
tremendous technological implications. HHG, for example,
has been used as a convenient tool for the production
of coherent XUV and soft x-ray radiation [33–37] and
attosecond pulses [53,54]. These novel light sources have
enabled ultrafast molecular probing [55–72] and the study of
AMO physics in the attosecond regime [53,54,73–77]. As a
result, various theoretical methods have been developed to
investigate strong-field AMO physics. Among these methods,
solving the time-dependent Schrödinger equation provides
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the most accurate description. Unfortunately, this method is
practically unfeasible for many-electron atoms and molecules
beyond helium. Hence, many efforts have been devoted to
one-electron formulations of the strong-field problems.
These one-electron formulations are guided by the first
step in all the strong-field processes, in which an electron is
pulled away from the parent ion by the laser field. Treating
this electron as the only active electron has been shown
to be sufficient for accurate prediction of single-ionization
production [7,78–80], cutoff in the HHG spectrum [31,80], and
ATI photoelectron spectra [79] in different atoms. In spite of its
successes, this single-active-electron (SAE) approach has its
limitations. First, it cannot account for multielectron effects in
strong-field processes. For instance, Gordon et al. have shown
that the accurate inclusion of multielectron effects is necessary
to explain the scaling of the HHG radiation intensity with the
atomic number [39]. Second, the SAE theory lacks the dynamical description of the residual ion by focusing only on the
wave-packet dynamics of the excited electron. In particular,
the theory offers only a single-channel description, in which
the ion created is treated to be in a single ionic eigenstate.
Recent experimental efforts have now begun to require
an accurate strong-field description of the residual ion. It
was revealed from the ATI photo-electron spectrum that Xe+
−1
−1
ions in both the 5p3/2
ground-state and the 5p1/2
excited
manifolds were generated in an intense optical pulse [81,82].
Also, experiments at the Advanced Photon Source (APS)
using resonant x-ray absorption techniques have unveiled the
alignment dynamics of the residual Kr+ ions created in a
strong optical field [83,84]. Furthermore, complete quantum
ion state populations, which are the diagonal entries of the
ion density matrix in the ion eigenstates basis, were measured
experimentally and confirmed theoretically [85,86].
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An approximate one-electron approach that goes beyond
the SAE treatment is time-dependent configuration interaction
with single excitations (TDCIS). This is an ab initio electronicstructure technique, where the time-dependent wave function
is restricted to spin-singlet conserving single-particle
excitations from the ground-state determinant. Rohringer and
coworkers have shown that TDCIS can be formulated as an
effective one-electron theory with coupled channels [87]. This
method includes the description of the electronic structure of
many-electron atoms and molecules through the Fock operator
and allows the determination of the ion density matrix, both
the diagonal and off-diagonal elements. Knowledge of the
off-diagonal matrix elements reveals the coherence properties
associated with the electronic wave-packet dynamics of the
residual ion [85,86,88,89]. Using a one-dimensional helium
model in a strong laser field, it was shown that TDCIS
is superior to the SAE approach [87]. There are other
rigorous effective one-electron approaches, including the
single-configuration and multi-configuration time-dependent
Hartree-Fock methods [78,90–92] and time-dependent
density-functional theory in the Kohn-Sham formulation
[93,94]. These methods have known limitations and
challenges [95–99]. Recently, Spanner and Patchkovskii used
a set of coupled time-dependent single-particle Schrödinger
equations derived from a multielectron wave-function ansatz
to examine multielectron effects in strong-field one-electron
ionization processes [100].
The purpose of this paper is to describe a full numerical
implementation of the three-dimensional TDCIS method with
an added radial complex absorbing potential (CAP). A set
of complex orbitals for the TDCIS calculation is determined
by diagonalizing the sum of the Fock operator and the CAP
using a flexible pseudospectral grid for the radial degree of
freedom and spherical harmonics for the angular degrees
of freedom. We found that this complex-orbital formulation
of TDCIS has computational advantages, because it allows
stable propagation of the TDCIS wave packet. Atomic units
are used throughout.
II. THEORETICAL BACKGROUND

In this section, we provide the theoretical background for
a complex-orbital formulation of TDCIS. We start in Sec. II A
with the general description of an atom in linearly polarized
laser fields within the configuration-interaction singles (CIS)
model. Then, an expression for calculating expectation values
and the derivation of the reduced ion density are presented in
Secs. II C and II D, respectively. In Sec. II E we discuss the
Hartree-Fock equations for closed-shell atoms in the presence
of a CAP.
A. TDCIS with a CAP

Within the CIS model, excitations beyond a particle-hole
(1p-1h) excitation |ai  with respect to the ground state, which
is in our case the Hartree-Fock (HF) ground state |0 , are not
considered. Therefore, the wave packet is written in terms of
|0  and |ai ,

 
(1)
α a (t)a ,
|(t) = α0 (t)|0  +
1
|ai  = √
2

i
i
i,a
†
†
{ĉa+ ĉi+ + ĉa− ĉi− }|0 ,

where i,j,k,l symbolize occupied orbitals, a,b,c,d symbolize
virtual orbitals, and p,q,r,s stand for occupied or virtual
†
orbitals. The operators ĉpσ and ĉpσ create and annihilate
electrons, respectively, in the spin orbital |ϕpσ , which is an
eigenstate of the modified Fock operator
F̂CAP |ϕpσ  = εp |ϕpσ ,

(3a)

F̂CAP = F̂ − iηŴ ,

(3b)

where F̂ is the Fock operator and −iηŴ is the CAP.
The full Hamiltonian of our system is
Ĥ (t) = F̂CAP + V̂C − V̂HF − EHF − E(t)ẑ,

(4)

where V̂C is the electron-electron Coulomb interaction, V̂HF is
the Hartree-Fock mean-field potential, EHF is the Hartree-Fock
ground-state energy, ẑ is the dipole operator, and E(t) is the
electric field component of the strong-field laser pulse.
By projecting the time-dependent Schrödinger equation
onto the states |0  and |ai , the equations of motion of
the expansion coefficients α0 (t) and αia (t) are obtained as

√
αia (t)z(i,a) ,
(5a)
i α̇0 (t) = − 2E(t)
i α̇ia (t)

= (εa −

εi )αia (t)


− E(t)
−



+



i,a

αia (t)(2v(a,i  ,i,a  )

− v(a,i  ,a  ,i) )

i  ,a 

 
√
2α0 (t)z(a,i) +
αia (t)z(a,a  )


a

αia (t)z(i  ,i) .

(5b)

i

The projection is done with respect to the symmetric
inner product discussed in Sec. II C. The matrix elements in
Eqs. (5) are defined via this symmetric inner product [101]:
z(p,q) = (ϕp |ẑ|ϕq ),
v(p,q,r,s) = (ϕp ϕq |1/r̂12 |ϕr ϕs ).

(6a)
(6b)

We include parentheses in the subscripts of these matrix
elements in order to differentiate them from
zp,q = ϕp |ẑ|ϕq ,
vp,q,r,s = ϕp ϕq |1/r̂12 |ϕr ϕs ,

(7a)
(7b)

which are defined by the standard Hermitian inner product.
Explicit expressions for the matrix elements in Eqs. (5) may
be found in the Appendix.
B. Complex absorbing potential

When the wave packet reaches the end of the numerical grid,
artificial reflections arise. These lead to unphysical results, but
can be suppressed by applying a complex absorbing potential
(CAP) [102–107] near the end of the grid. As a result, the CAP
only affects virtual orbitals. Occupied orbitals are localized
near the origin and, therefore, are not influenced by the CAP.
Additionally, the CAP does not mix occupied with virtual
orbitals. The CAP strength η has to be chosen carefully to avoid
reflections either off the grid wall or off the CAP [105,107].
The explicit form of our CAP is

(2)
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where h(x) is the Heaviside step function, and r is the distance
from the origin. This CAP is zero until a radius rabs , after which
it is a quadratically growing potential.

photoelectron of the total density matrix ρ̃ˆ (t) has to be
performed [109]:
IDM
(t) = Tra [ρ̃ˆ (t)],
ρ̃ˆ
ˆρ̃ = |(t)(t)|,

C. Expectation values

Since F̂CAP is not Hermitian, the orthogonality relations
for its eigenstates are not given in terms of the ordinary
Hermitian inner product. If |ϕp  ≡ |ϕp ) is a right eigenvector
of F̂CAP , then ϕp | is generally not a left eigenvector. There
is, nevertheless, a one-to-one mapping between right and left
eigenvectors. The left eigenvector corresponding to |ϕp  is
denoted (ϕp |. The corresponding orthogonality relations read
(ϕp |ϕq ) = (ϕp |ϕq  = δp,q .

(9)

From the orthogonality relations of the orbitals follow the
orthogonality relations of the 1p-1h excitations,
 a b  a b
i j = i j = δa,b δi,j .
(10)
|ai 

Since the
are not orthogonal with respect to the
Hermitian inner product, we define an overlap integral between
1p-1h excitations as
 a b  a b
i j = i j = δi,j ϕa |ϕb  = δi,j oa,b .
(11)
Since the complex absorbing potential does not affect
the occupied orbitals ϕi , the orthogonality relation between
different ϕi survives in the Hermitian inner product in Eq. (11).
The expectation value of an operator Â is defined via the
Hermitian inner product. By expanding (t)|Â|(t) using
Eq. (1), we obtain

 √


A = |α0 |2 2
Aj,j +
2 2Re α0∗ αia Ai,a
+



j

i,a,a 

+



i,i  ,a,a 


Re αia ∗ αia oa,a  2

i,a,a 



Aj,j .

(12)

j

(14b)

where Tra stands for the trace over all virtual orbitals
IDM
a [cf. Eq. (16a)] and ρ̃ˆ
(t) symbolizes the ion density
matrix. Since the virtual orbitals do not obey the Hermitian orthogonality relations [see Eqs. (10) and (11)], we
have to be careful to define the trace in Eq. (14a). The
explicit form of the density matrix can be derived from the
norm ||(t)||2 ,

(t)|I )(I |(t)
(t)|(t) =
I


=
(I |(t)(t)|I ) = Tr[ρ̃ˆ (t)],

(15)

I

where Tr stands for the trace over the entire configuration
space I , i.e., all 1p-1h excitations ai and the HF ground state
0 . Based on this, natural definitions of the traces over only
occupied and only virtual orbitals in the 1p-1h-configuration
space, which are symbolized by Tri and Tra , respectively,
are


{Tra [ρ̃ˆ (t)]}i,j =
ai |(t)(t)|aj ,
(16a)
a

{Tri [ρ̃ˆ (t)]}a,b



ai |(t)(t)|bi .
=

(16b)

i
IDM
Hence, the matrix elements of ρ̃ˆ
(t) have the form



∗
IDM
ai |(t)(t)|aj =
(t) =
αia (t) αjb (t) ob,a ,
ρ̃i,j
a

i,a








Re αia ∗ αia Aa,a  −
Re αia ∗ αia Ai  ,i oa,a 

(14a)

a,b

(17)
where we have used the explicit form of the wave function [cf.
Eq. (1)]. To analyze the impact of the CAP on the dynamics
IDM
of ρ̃ˆ (t) and ρ̃ˆ
(t), it is convenient to go into the interaction
picture (labeled I )
|I (t) = ei F̂ t |(t),

In order to compute the dipole acceleration, which is required
for describing high-harmonic generation, it is possible to
calculate the expectation value of the dipole moment and then
calculate its second time derivative [96]. Alternatively, the
expectation value of the dipole acceleration can be calculated
directly. To this end, we employ the dipole acceleration
operator obtained using the exact atomic Hamiltonian
[39,108]. In the atomic case, assuming that the laser field is
linearly polarized along the z axis, this operator is given by

where Â stands for any operator in the Schrödinger picture.
The time evolution of |I (t) is given by

Z cos θ
,
(13)
r̂ 2
where Z is the nuclear charge. Since atomic eigenstates are
parity eigenstates, it follows that ai,i = 0. This simplifies the
evaluation of Eq. (12) when Â = â.

Because of the CAP, the norm ||I (t)||2 is not conserved. That
affects the time evolution of the trace of the IDM
∂
∂
∂
IDM
Tri ρ̃ˆ I (t) + |α0 (t)|2 = I (t)|I (t)
∂t
∂t
∂t
= −2η Tr[ŴI ρ̃ˆ I (t)],
(20)

â =

D. Reduced ion density matrix

In order to construct the reduced ion density matrix
(IDM) from the state |(t), the trace over the unobserved

ÂI = e

i

i F̂ t

Âe

−i F̂ t

,

(18a)
(18b)

∂
|I (t) = (V̂C,I − V̂HF,I − EHF − E(t)ẑI − iηŴI )|I (t).
∂t
(19)

where ρ̃ˆ I (t) = |I (t)I (t)|. Since the probability that there
is no hole (|α0 (t)|2 ) and the probability that there is a hole
IDM
IDM
(Tri [ρ̃ˆ I (t)]) should add up to one, we must correct ρ̃ˆ I (t)
for the loss of norm.
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In order to understand how to construct a corrected IDM,
that does not lose norm over time and describes the
full interaction dynamics of the electrons, we have to analyze
the equations of motion (von Neumann equations) of ρ̃ˆ I (t) and
IDM
ρ̃ˆ I (t)
ρ̂IIDM (t),

∂
ρ̃ˆ (t) = −i[V̂C,I − V̂HF,I − E(t)ẑI ,ρ̃ˆ I (t)] − η{ρ̃ˆ I (t),ŴI },
∂t I
(21a)
∂ IDM
(t) = −iTra [[V̂C,I − V̂HF,I − E(t)ẑI ,ρ̃ˆ I (t)]]
ρ̃ˆ
∂t I
− 2ηTra [ŴI ρ̃ˆ I (t)],
(21b)
where {·,·} stands for the anticommutator. Equation (21a) can
be derived by taking the time derivative of Eq. (14b) and using
Eq. (19). In addition, we use the fact that
Tr[ŴI ρ̃ˆ I (t)] = Tr[ρ̃ˆ I (t)ŴI ],

(22a)

Tr[ŴI ] = Tra [ŴI ].

(22b)

Remember that Ŵ acts only on virtual orbitals. The first terms
on the right-hand side of Eqs. (21) describe the dynamics of
the system (imaginary prefactor), and the second terms are
responsible for the norm decay of the density matrix (real
prefactor).
In the case of no residual Coulomb interaction (V̂C,I −
V̂HF,I = 0) and no electric field [E(t) = 0], the correct density
matrix has to be constant in time. The density matrix ρ̃ˆ I (t)
does not fulfill this requirement due to the CAP. Hence, the
equation of motion in Eq. (21a) has to be corrected such that
no term violates the norm conservation. The corresponding
von Neumann equations of the corrected density matrix and
the corrected IDM are
∂
∂
ρ̂I (t) = ρ̃ˆ I (t) + η{ρ̃ˆ I (t),ŴI }
∂t
∂t
= −i[V̂C,I − V̂HF,I − E(t)ẑI ,ρ̃ˆ I (t)],
(23a)
∂ IDM
∂ IDM
ρ̂ (t) = ρ̃ˆ I (t) + 2ηTra [ŴI ρ̃ˆ I (t)]
∂t I
∂t
= −iTra [[V̂C,I − V̂HF,I − E(t)ẑI ,ρ̃ˆ I (t)]]. (23b)
The corrected density matrices, as defined in Eqs. (23),
experience no damping. The norm of ρ̂I (t) is conserved,
which can be seen by taking the trace of Eq. (23a). By
just taking the trace over all 1p-1h excitations, Eq. (23a)
reduces to

∂
Tri ρ̂IIDM (t) = −iTri Tra [[V̂C,I − V̂HF,I − E(t)ẑI ,ρ̃ˆ I (t)]],
∂t
I
= −i0 |[E(t)ẑI ,ρ̃ˆ (t)]|0 
∂
= − |α0 (t)|2 .
(24)
∂t
In the second step in Eq. (24), we used
     
 a
i V̂C,I − V̂HF,I 0 = ai ẑI ai
= (0 |ẑI |0 ) = 0,

∀a,i.

IDM

δ ρ̂IIDM (t) = ρ̂IIDM (t) − ρ̃ˆ I

(t).

(26)

The equation of motion of δ ρ̂IIDM (t) can be derived from
Eqs. (23b) and (26),
∂ IDM
δ ρ̂ (t) = 2ηTra [ŴI ρ̃ˆ I (t)]
∂t I
= −iTra [[−iηŴI ,δ ρ̂I (t)]] + 2ηTra [ŴI ρ̃ˆ I (t)],
(27)
where we used Eqs. (22) to insert a commutator that includes
the CAP. In the Schrödinger picture, Eq. (27) transforms into

∂ IDM
∗
IDM
(t) + 2η
wb,a αia (t) αjb (t) .
δρi,j (t) = i(εi − εj )δρi,j
∂t
a,b
(28)
Here, it was exploited that
The solution to Eq. (28) is

c

ob,c w(c,a) = ϕb |Ŵ |ϕa  = wb,a .

IDM
δρi,j
(t) = 2η ei(εi −εj )t

×



t

dt 

−∞



wb,a αia (t  )

a,b
b  ∗ −i(εi −εj )t 
αj (t ) e
,

(29)

and hence, we have found an expression for the corrected IDM,
 t
IDM
IDM
(t) = ρ̃i,j
(t) + 2η ei(εi −εj )t
dt 
ρi,j
×



wb,a αia (t  )

−∞
b  ∗ −i(εi −εj )t 
αj (t ) e
.

(30)

a,b

Equation (30) is identical to the definition of the IDM in
Ref. [89], where the states |ai  are eigenstates of F̂ rather than
F̂CAP and fulfill different orthogonality relations. Therefore,
it was not obvious that both sets of basis states lead to a
formally identical expression. In contrast to Ref. [89], the exact
Coulomb interaction is considered in the current treatment.
As a consequence of the Coulomb interaction between the
excited electron and the ion, the IDM in the interaction
picture is not necessarily constant after the laser pulse is over.
However, since within the one-hole configuration space, the
one-hole channel states are eigenstates of the exact, laser-free
Hamiltonian, the IDM in the interaction picture becomes
constant if the excited electron is unbound and drifts away
from the ion.

(25)

Hence, we can conclude that after the pulse E(t) = 0, where
= 0, the trace of ρ̂IIDM (t) is constant in time. In
addition, ρ̂I (t) fulfills the requirement [see Eq. (24)] that the
probability of leaving the atom in its ground state (|α0 (t)|2 )
∂
|α (t)|2
∂t 0

and the probability to create 1p-1h excitations (Tri [ρ̂IIDM (t)])
add up to one at all times.
IDM
Since ρ̃ˆ
(t) can be calculated quite efficiently from the
solutions of Eqs. (5a) and (5b), it is sufficient to calculate the
correction matrix

E. Atomic Hartree-Fock equations

The theory formulated in Secs. II A–II D holds for any electronic system where the Born-Oppenheimer approximation
can be made. In the following, we focus our discussion on
closed-shell atoms, where the total orbital and spin angular
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momenta of the ground state are 0. The Fock operator for a
closed-shell atom is given by [110]
1
Z 
F̂ = − ∇ 2 − +
(2Ji − Ki ),
(31)
2
r
i
which consists of a kinetic part (−∇ 2 /2), a Coulomb potential
due to the nucleus (−Z/r), and direct (2Ji ) and exchange (Ki )
Coulomb interactions between the electrons. The CAP used in
this work (see Sec. II B) preserves the spherical symmetry
of the atomic-structure problem, so that the one-electron
eigenfunctions of F̂CAP = F̂ − iηŴ may be written as a
product of a (generally complex) radial function un,l and a
spherical harmonic Yl,m (θ,φ),
un,l (r)
r,θ,φ|ϕp  = r,θ,φ|ϕp ) = ϕp (r,θ,φ) =
Yl,m (θ,φ).
r
(32)
The un,l satisfy the radial self-consistent-field equations,


1 d 2 un,l (r)
l(l + 1) Z
−
iηW
(r)
un,l (r)
−
+
−
2 dr 2
2r 2
r

(4lo + 2)v (0) (no ,lo ; no ,lo ; r)un,l (r)
+
no ,lo

−

l+lo
 

The corresponding orthogonality relations were given in
Sec. II C.
III. NUMERICAL IMPLEMENTATION

In this section, we present our numerical method to
implement the three-dimensional TDCIS. In Sec. III A, our
choice of the pseudospectral grid for the radial degree of
freedom is discussed. Then, the atomic Hartree-Fock equations
on the numerical grid are shown in Sec. III B. In Secs. III D and
III E we describe propagation schemes based on two different
ways of partitioning the Hamiltonian in Eq. (4).
A. Pseudospectral grid

Due to the nature of the strong-field problem, a grid is
required with sufficient density near the atomic nucleus to
describe the electronic structure of the atom, as well as far
from the nucleus to describe the wave packet of the ejected
electron. We have chosen a Gauss-Lobatto grid [112–115],
which uses as its grid points the roots of the first derivative
of the N th-order Legendre polynomial (PN ) as well as the
selected end points of the grid (r = 0 and r = rmax ). We map
these roots, which lie on the interval x ∈ [−1,1], onto the
radial space of the atom [113] using

C(l,L,lo ; 0,0,0)2 v (L) (no ,lo ; n,l; r)uno ,lo (r)

r(x) = L

no ,lo L=|l−lo |

= εn,l un,l (r),
where
v (L) (n,l; n ,l  ; r1 ) =

(33)


∞

r<L

un,l (r2 )un ,l  (r2 ),
r>L+1
r< = min{r1 ,r2 }, r> = max{r1 ,r2 },
dr2

(34)

0

(35)

and C(l1 ,l2 ,l3 ; m1 ,m2 ,m3 ) is a Clebsch-Gordan coefficient
[111]. The summation over no ,lo in Eq. (33) extends over
all subshells occupied in the Hartree-Fock ground state. In our
calculations, the un,l (r) are subject to the boundary conditions
un,l (0) = 0 and un,l (rmax ) = 0. Here, rmax stands for the end
point of the numerical grid employed (see Sec. III).
The Hartree-Fock mean-field potential, i (2Ji − Ki ), depends only on the occupied orbitals. However, all orbitals—
occupied and virtual—are influenced by the mean-field potential. On the other hand, since the CAP we have introduced in
Sec. II B starts far away from the origin such that occupied
orbitals are not affected, the Hartree-Fock mean field does not
depend on the CAP. Therefore, the occupied orbitals ϕi are
eigenstates of both F̂ and F̂CAP , and may be calculated by
solving the self-consistent-field problem, Eq. (33), assuming
η = 0. After determining the ϕi , and thus fixing the HartreeFock mean field, a single diagonalization of F̂CAP for nonzero
η gives the virtual orbitals ϕa .
The dual wave function of |ϕp  is (ϕp | rather than ϕp |, as
discussed in Sec. II C. The matrix representation of Eq. (33)
in a real basis gives rise to a complex symmetric eigenvalue
problem [106] (see Sec. III B). From this and from Eq. (32), it
follows that the spatial representation of (ϕp | is given by
unp ,lp (r)
.
(ϕp |r,θ,φ = Yl∗p ,mp (θ,φ)
r

1+x
.
1−x+ζ

(37)

L and ζ are parameters which control the extent of the
grid and the density of the mapped points near the origin,
respectively.
As described in Ref. [113], a wave function φ(x) may be approximated using a finite basis set of orthogonal polynomials.
Using Legendre polynomials Pl (x),
φ(x) ≈ φN (x) =

N


al Pl (x),

(38)

l=0

which may also be written in terms of cardinal functions
gk (x),
φN (x) =

N


gk (x)φN (xk ).

(39)

k=0

Analytical functions of the wave function φ(x) can now
be written in terms of analytical functions of the cardinal
functions. For the Gauss-Lobatto grid points, the second
derivative of gk (x), which is needed to calculate the radial
kinetic energy, is (for grid points not at the edge of the grid,
which we will not need)
(2)
gk (xk ) = dk,k


PN (xk )
,
PN (xk )

(40)

where

(36)
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(2)
dk,k
=−

N (N + 1)
,
3(1 − xk2 )

(2)
dk,k
 = −

2
.
(xk − xk )2

(41)
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B. Atomic Hartree-Fock equations in the Gauss-Lobatto grid

After employing the mapping of Eq. (37), the Hartree-Fock
equations [Eq. (31)] read

 
r (x) d
1 d2
1
−  3
+  2 2 un,l (x)
−
2
r (x) dx
r (x) dx


l(l + 1)
Z
−
iηW
(r(x))
un,l (x)
−
+
2r(x)2
r(x)

(4lo + 2)v (0) (no ,lo ; no ,lo ; r(x))un,l (x)
+
no ,lo

−

l+lo
 

C(lLlo ; 000)2 v (L) (no ,lo ; n,l; r(x))uno ,lo (x)

no ,lo L=|l−lo |

= εn,l un,l (x).

(42)

In order to symmetrize the Laplacian, the function A(x) is
introduced such that

An,l (x) = r  (x)un,l (x).
(43)
After expanding A(x) with Eq. (39), substituting the
relation gk (xk ) = δk,k and Akn,l = An,l (xk )/PN (xk ) and using
Eqs. (40) and (41), we obtain

 1 1
1
(2)
k
− 
d 
A
2 r (xk ) k,k r  (xk ) n,l
k


Z
l(l + 1)

− iηW (r(xk )) Akn,l
−
+
2


2r(xk )
r(xk )


+
(4lo + 2)v (0) (no ,lo ; no ,lo ; r(xk ))Akn,l
no ,lo

−

l+lo
 



C(lLlo ; 000)2 v (L) (no ,lo ; n,l; r(xk ))Akno ,lo

no ,lo L=|l−lo |


= εn,l Akn,l .

−

l+lo




k,no ,lo L=|l−lo

×

r(k,k  )L<

2
C(lLlo ; 000)2
N
(N
+
1)
|


r(k,k  )L+1
>



Akno ,lo Akno ,lo Akn,l = εn,l Akn,l ,

which is a complex symmetric eigenvalue problem.
C. Approximation for large angular-momentum Coulomb
matrix elements

In the context of TDCIS, two types of Coulomb matrix
elements of the form v(a,i  ,i,a  ) and v(a,i  ,a  ,i) are of interest. In
the case that excited orbitals with large angular momenta are
important, a substantial number of Coulomb matrix elements
need to be computed. This computational task can be the bottleneck in solving the TDCIS equations.
To make this task manageable, we employ the approximations
v(a,i  ,i,a  ) = 0,
   
1
v(a,i  ,a  ,i) = δi,i  ϕa   ϕa  ,
r

v (L) (n,l; n ,l  ; r(xk )) =

 r(k,k  )L
<
k

r(k,k  )L+1
>

Akn,l Akn ,l 

D. Numerical propagation scheme

In order to propagate the ground-state coefficient α0 , we
directly apply the second-order finite-differencing scheme
[116] to Eq. (5a):

√
α0 (t + dt) = α0 (t − dt) + 2idt 2E(t)
αia (t)z(i,a) .
i

a

(49)
To propagate the coefficients αia (t), we temporarily transform
to the interaction picture,

2
,
N (N + 1)
(45)

(48)

if either la or la  is larger than a threshold value Lcoul . These
approximations are valid for an excited electron that is far
away from the residual ion. We choose the value of Lcoul such
that numerical convergence is reached.

(44)

The integrals of Eq. (34) can now be written using the
quadrature

αia (t) = e−i(εa −εi )t α̃ia (t).
The propagation equation for

α̃ia

(50)

becomes

a
α̃˙ i (t) = −iei(εa −εi )t fia (t),

where
r(k,k  )< = min{r(xk ),r(xk )},
r(k,k  )> = max{r(xk ),r(xk )}.

where
(46)

fia (t) ≡


i

Substituting this integral into Eq. (44), the atomic HartreeFock equations can be written as

 1 1
1
(2)
k
− 
dk,k
A

2 r (xk )
r  (xk ) n,l
k


Z
l(l + 1)


−
iηW
(r(x
−
))
Akn,l
+
k
2r(xk )2
r(xk )

2
1

+
Akn,l
(4lo + 2)|Akno ,lo |2
)
N
(N
+
1)
r(k,k
>
k,n ,l

(47)

a

− E(t)
−



(51)



αia (t)(2v(a,i  ,i,a  ) − v(a,i  ,a  ,i) )



√

2α0 (t)z(a,i) +






αia (t)z(a,a  )

a

αia (t)z(i  ,i) .

(52)

i

Now we apply the second-order differencing scheme to
Eq. (51),

o o
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and then convert back to the Schrödinger picture,

η = 10-5
-3
η = 10

0.1

= e−i(εa −εi )(t+dt) α̃ia (t − dt) − 2idte−i(εa −εi )dt fia (t)
=e

−2i(εa −εi )dt

αia (t

− dt) − 2idte

−i(εa −εi )dt

fia (t).
(54)

Equations (49) and (54) are the equations used to propagate
the coefficients.

Dipole Acceleration (a.u.)

αia (t + dt) = e−i(εa −εi )(t + dt) α̃ia (t + dt)

E. Complex-orbital versus real-orbital formulation of TDCIS
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100

Time (a.u.)

FIG. 1. (Color online) Effect of the CAP strength η on the
expectation value of the dipole acceleration calculated with the
complex-orbital formulation of TDCIS.

dipole acceleration, the numerical propagation of the wave
packet using the real orbitals diverges. The divergence persists
even after reducing dt by a factor of 10.

(a)

Dipole Acceleration (a.u.)

0.1

complex orbitals
real orbitals

0.05

0

-0.05

-0.1
0

20

40

(b)

0.1
Dipole Acceleration (a.u.)

As shown in the previous section, the complex-orbital
formulation of TDCIS is rather compact, because the CAP
is chosen such that the occupied orbitals in the Hartree-Fock
ground state remain unaffected. However, this complex-orbital
formulation has the disadvantage that the usual physical
interpretation of the virtual orbitals is lost. It is therefore
natural to ask whether it is more advantageous to use a
real-orbital formulation of TDCIS. Real radial wave functions
un,l (r) are obtained by diagonalizing F̂ rather than F̂CAP .
The full Hamiltonian, Eq. (4), is left unmodified. Using the
real-orbital formulation, all integrals and orbital energies are
real. However, there is a CAP-dependent term in the equations
of motion for the wave-packet expansion coefficients [which
is absent in the complex-orbital formulation of Eq. (5)]. In
the following, we show that even though the real-orbital and
complex-orbital formulations are equivalent, the implementation of the complex-orbital formulation is numerically more
stable.
For simplicity, we performed the numerical comparison
using hydrogen exposed to a laser electric field with a peak
amplitude of √
0.1 a.u. and an angular frequency of 0.057 a.u. In
this case, the 2 factors, the Coulomb matrix elements, and the
dipole matrix elements zi,i  in Eq. (5) disappear since there is
only one electron. In these tests, 800 radial grid points, rmax =
130 (Sec. II E), rabs = 90 (Sec. II B), ζ = 0.4 (Sec. III A), and
dt = 0.004 (Sec. III D) are employed. In order to accurately
reflect the strong-field physics, it is important to note that the
choice of CAP strength, which is characterized by η, is also
important apart from these parameters. With η = 10−3 , our
calculation performed with the complex orbitals reproduces
the hydrogen result obtained by Gordon and Kärtner [117].
This is not the case if a smaller value of η is chosen. Figure 1
shows that the expectation value of the dipole acceleration
obtained with η = 10−5 is noisier than that for η = 10−3 . This
is because the CAP with η less than 10−3 is too weak to
absorb completely the photoelectron wave packet reaching the
end of the spatial grid, leading to reflections from the grid
wall.
To compare the results obtained with the complex orbitals,
we repeated the calculations using the real orbitals. We found
that, depending on the value of η, the numerical propagation
using the real-orbital formulation may not be stable. Figure 2
shows that the expectation values of the dipole acceleration
obtained with the complex and real orbitals, respectively,
agree with each other when η = 10−5 . In this case, the
two formulations are numerically equivalent. However, for
η = 10−3 , which is required for an accurate description of the

0.05

60
Time (a.u.)

80

100

complex orbitals
real orbitals

0.05

0

-0.05

-0.1
0

20

40

60
Time (a.u.)

80

100

FIG. 2. (Color online) The expectation value of the dipole
acceleration calculated with both the real-orbital (dashed line) and
complex-orbital (solid line) formulations of TDCIS using (a) η =
10−5 and (b) η = 10−3 .
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IV. RESULTS AND DISCUSSION

To demonstrate applications of our implementation of
TDCIS, we performed calculations on argon. First, we carried
out a convergence study with the 3p0 orbital active and
all other orbitals frozen. The laser field chosen was E(t) =
E0 sin(ωt), with an E0 of 0.125 a.u. and an ω of 0.057 a.u.
Classically, an electron that can recollide with its parent ion
will travel ∼ E0 /ω2 = 38.5 a.u. before recollision. Therefore,
to fully eliminate any CAP-induced perturbation of recolliding
trajectories, we have put our absorbing potential at rabs =
90 a.u., and our grid wall at rmax = 120 a.u., with a ζ [Eq. (37)]
of 0.5. In general, the ζ parameter was chosen as 60/rmax .
The convergence of a number of different parameters is
illustrated in Fig. 3. Figures 3(a) and 3(b) show the convergence with the CAP strength. Low η’s produced successively
greater oscillations due to reflections off the grid wall, while
the large η values did not have such obvious effects. However,
close examination of large η values such as the one shown
in Fig. 3(b) showed that reflections from the CAP did affect
the dipole acceleration by shifting the oscillations out toward
times around 113 a.u. An η of 5.0 × 10−3 produced the
least amount of reflections off of either the grid wall or
the absorbing potential. It should be noted that this η is in
the region where the real-orbital formulation is numerically
unstable. At a grid size of 500 grid points, the dependence of
the dipole acceleration on the maximum angular-momentum

Dipole Acceleration (a.u.)

0.2

value allowed for the dipole (Lmax ) and Coulomb (Lcoul )
integrals was determined [Fig. 3(c)]. An Lmax of 60 was
determined to be necessary for convergence of the dipole
acceleration, while for the Coulomb integrals an Lcoul of 4
was sufficient. For the angular-momentum quantum numbers
between 5 and 60, the Coulomb interaction was approximated
as a 1r interaction (Sec. III C). Additionally, orbitals with
Hartree-Fock energies higher than 50 a.u. (real part of the
orbital energies) were determined to be unnecessary and
were not included in the propagation calculations. Finally,
the convergence of the size of the grid was found. Small
grids led to extra oscillations in the dipole acceleration, as
well as unphysical behaviors in the norms and density matrix
elements. The argon system converged at a grid size of 750 grid
points, although 1000 grid points were used for the following
calculations.
Figure 4 shows the difference in the calculated dipole acceleration for the single-channel TDCIS method and the singlechannel Hartree-Slater method [39], which approximates the
exchange correlation using a local function. The added effects
of using the exact nonlocal exchange potential can be seen in
the figure. At the peak of the dipole acceleration, the TDCIS
method peaks slightly sooner than the Hartree-Slater method.
The oscillation after the peak is shorter for the TDCIS method.
Finally, there are a greater number of smaller oscillations
after the trough of the TDCIS dipole acceleration than for
the Hartree-Slater method.
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FIG. 3. (Color online) The convergence of the dipole acceleration of argon with the 3p0 orbital active. (a), (b) Convergence with the
CAP strength. (c) Convergence with maximum angular momentum for the dipole (Lmax ) and Coulomb (Lcoul ) integrals. (d) Convergence with
the size of the pseudospectral grid. Convergence is reached at a CAP strength of 5 × 10−3 , an Lmax of 60, an Lcoul of 4, and a grid size
of 750.
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FIG. 4. (Color online) A comparison of the dipole acceleration of
the single-channel TDCIS and Hartree-Slater methods. The nonlocal
exchange effects are evident.

The multichannel capacity of the TDCIS framework was
tested by performing calculations of the ion density matrix
elements for argon with only the 3p0 orbital active as well as
with all 3p orbitals active (see Fig. 5). For the case in which
only the 3p0 orbital is active, the population of the orbital
increases in two steps corresponding to the two half-cycles of
the driving potential. There are minor oscillations especially
in the second half-cycle. When all 3p orbitals are active,
the population of the 3p0 orbital follows a similar pattern
but is smaller than the single-channel case. The oscillations
of the 3p0 population are slightly smaller as well for the
three-channel case. Importantly, the combined populations
of the 3p1 and 3p−1 orbitals are more than 10% of the
3p0 population. This result conflicts with the models that
ignore channel coupling and assume that these populations
are sufficiently small.

0.7

3p0 only, ρ3p ,3p
0
0
all
3p-orbitals,
ρ3p ,3p
0.6
0
0
all 3p-orbitals, ρ3p ,3p +ρ3p ,3p
-1

-1

1

1

IDM Element

0.5

We have developed a time-dependent configurationinteraction singles formalism with a complex absorbing potential in order to describe strong-field atomic processes in the
nonperturbative regime. Previous theoretical approaches have
relied on a single active electron approach, while with TDCIS,
multichannel processes can be investigated. Two-electron
reduced density matrix (2-RDM) methods [118–122] may
provide a framework in the future for examining laser-field
interactions with the inclusion of explicit electron correlation
and additional multireference states. The flexible pseudospectral grid allows us to calculate orbitals with sufficient density
in each region of the space in order to describe weakly
bound and ionized electrons as well as strongly bound atomic
electrons. We have also shown that applying the CAP in the
Hartree-Fock step is more numerically stable than applying
it in the propagation step. This leads to a non-Hermitian
modified Fock operator, as well as complex orbitals which
are orthogonal with respect to a symmetric inner product.
Using these complex orbitals, a reduced ion density matrix
was formulated in order to determine the populations and
coherences of the one-hole states. The dipole acceleration of
argon was calculated as well, which requires overlap integrals
between the complex orbitals.
The TDCIS dipole acceleration for argon with its 3p0
orbital active was converged on the pseudospectral grid and
then compared with the dipole acceleration calculated using
the Hartree-Slater method. Local potential approximations are
used in many theoretical treatments of strong-field processes.
We determined that using the nonlocal exchange of the TDCIS
method significantly affects the dipole acceleration. We then
used the ion density matrix to compare the populations of
the 3p orbitals of argon in single-channel and multichannel
calculations. In the single-channel calculations, only the
3p0 orbital was allowed to be active. When all 3p orbitals
were open for excitation, the population of the 3p0 orbital
decreased as expected, although the time evolution was
similar in shape. However, the combined 3p1 and 3p−1
populations were determined to be greater than 10% of
the 3p0 population. This is a significant occupation, and it
shows that methods which assume a single channel do not
take into account possibly important effects. The TDCIS
method provides a multichannel approach for nonperturbative
strong-field processes which can be used to study effects that
previous theoretical methods did not take into account.
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FIG. 5. (Color online) The ion density matrix elements are
compared for the single-channel case and the three-channel case.
The 3p1 element plus the 3p−1 element comprises more than 10% of
the 3p0 element in the three-channel case.

APPENDIX: CALCULATING INTEGRALS

Using the orbitals represented on a quadrature grid, we
compute one- and two-body matrix elements, which are
needed to solve the TDCIS equation of motion. For a general

023406-9

LOREN GREENMAN et al.

PHYSICAL REVIEW A 82, 023406 (2010)

one-electron operator fˆ, its matrix element defined by the
symmetric inner product is given by

f(p,q) =

drdθ dφ sin θ Yl∗p ,mp (θ,φ)unp ,lp (r)f (r,θ,φ)

× Ylq ,mq (θ,φ)unq ,lq (r).

(A1)

We perform the quadrature, such that
f(p,q) =

2
N (N + 1)


dθ dφ sin θ



Aknp ,lp Yl∗p ,mp (θ,φ)

k

× f (rk ,θ,φ)Aknq ,lq Ylq ,mq (θ,φ).

(A2)

To obtain fp,q , which is defined by the conjugated inner
product, we replace Aknp ,lp in Eq. (A2) with its complex
conjugate.
Using Eq. (A2), all one-electron integrals can be constructed. For the overlap integrals, the angular part becomes a
δ function, and we are left with
op,q = δlp ,lq δmp ,mq


k

 k ∗ k
2
A
Anq ,lq .
N (N + 1) np ,lp

using Clebsch-Gordan coefficients [111],

2lq + 1
C(lq ,1,lp ; 0,0,0)C(lq ,1,lp ; mq ,0,mp )
z(p,q) =
2lp + 1

2
×
Aknp ,lp Aknq ,lq r(xk ).
(A4)
N
(N
+
1)
k
We also need the conjugated dipole acceleration integrals (â =
Z cos θ/r 2 ),

2lq + 1
ap,q =
C(lq ,1,lp ; 0,0,0)C(lq ,1,lp ; mq ,0,mp )
2lp + 1

 k ∗ k
2
Z
Anp ,lp Anq ,lq
×
.
(A5)
N (N + 1)
r(xk )2
k
The nonconjugated two-electron Coulomb integrals are also
required for the propagation, and they are constructed using a
two-index quadrature. The expansion
∞
L

r<L  ∗
4π
1
=
Y (θ1 ,φ1 )YL,M (θ2 ,φ2 )
r12
2L + 1 r>L+1 M=−L L,M
L=0

(A6)

(A3)

For the nonconjugated dipole integrals (ẑ = r cos θ ), we need
4
cos θ and the
for the propagation, using the relation Y1,0 = 3π
fact that the integral of three spherical harmonics can be written
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M. Schnürer, C. Kan, M. Lenzner, P. Wobrauschek, and
F. Krausz, Science 278, 661 (1997).
[34] Z. Chang, A. Rundquist, H. Wang, M. M. Murnane, and H. C.
Kapteyn, Phys. Rev. Lett. 79, 2967 (1997).
[35] E. A. Gibson et al., Science 302, 95 (2003).
[36] E. A. Gibson, A. Paul, N. Wagner, R. Tobey, S. Backus, I. P.
Christov, M. M. Murnane, and H. C. Kapteyn, Phys. Rev. Lett.
92, 033001 (2004).
[37] J. Seres et al., Nature 433, 596 (2005).
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[98] V. Véniard, R. Taı̈eb, and A. Maquet, Laser Phys. 13, 465
(2003).
[99] N. Rohringer, S. Peter, and J. Burgdörfer, Phys. Rev. A 74,
042512 (2006).
[100] M. Spanner and S. Patchkovskii, Phys. Rev. A 80, 063411
(2009).
[101] N. Moiseyev, Phys. Rep. 302, 212 (1998).
[102] A. Goldberg and B. W. Shore, J. Phys. B 11, 3339 (1978).
[103] C. Leforestier and R. E. Wyatt, J. Chem. Phys. 78, 2334 (1983).
[104] G. Jolicard and E. J. Austin, Chem. Phys. Lett. 121, 106 (1985).
[105] U. V. Riss and H.-D. Meyer, J. Phys. B 26, 4503 (1993).
[106] R. Santra and L. S. Cederbaum, Phys. Rep. 368, 1 (2002).
[107] J. G. Muga, J. P. Palao, B. Navarro, and I. L. Egusquiza, Phys.
Rep. 395, 357 (2004).

[108] H. A. Bethe and E. E. Salpeter, Quantum Mechanics of Oneand Two-Electron Atoms (Dover, Mineola, New York, 2008).
[109] K. Blum, Density Matrix Theory and Applications (Plenum,
New York, 1996).
[110] W. R. Johnson, Atomic Structure Theory (Springer, Berlin,
2007).
[111] M. E. Rose, Elementary Theory of Angular Momentum (Dover,
New York, 1995).
[112] J. P. Boyd, Chebyshev and Fourier Spectral Methods, 2nd ed.
(Dover, New York, 2001).
[113] J. Wang, Shih I Chu, and C. Laughlin, Phys. Rev. A 50, 3208
(1994).
[114] G. H. Yao and Shih I Chu, Chem. Phys. Lett. 204, 381
(1993).
[115] V. Szalay, J. Chem. Phys. 99, 1978 (1993).
[116] C. Leforestier et al., J. Comput. Phys. 94, 59 (1991).
[117] A. Gordon and F. X. Kärtner, Opt. Express 13, 2941 (2005).
[118] Two-Electron Reduced-Density-Matrix Mechanics, edited by
D. A. Mazziotti, Advances in Chemical Physics Vol. 134
(Wiley, New York, 2007).
[119] D. A. Mazziotti, Phys. Rev. Lett. 97, 143002 (2006).
[120] D. A. Mazziotti, Phys. Rev. A 76, 052502 (2007).
[121] G. Gidofalvi and D. A. Mazziotti, Phys. Rev. A 80, 022507
(2009).
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